Abstract. The main purpose of the present paper is to introduce the spaces £oo (F, /), c(F, /), co(F, /) and ip{F, f, s) of sequences of fuzzy numbers defined by a modulus function. Furthermore, some inclusion theorems related to these sets are given and shown that 4o (F, f), co (F, f) and £P (F, f, s) are solid. One can extend the natural order relation on the real line to intervals as follows: A fuzzy number is a fuzzy set on the real axis, i.e. a mapping u : R -> [0,1] associating with each real number t its grade of membership u(t) which satisfies the following four conditions.
).
We denote the set of all fuzzy numbers on R by L(R) and called it as the space of fuzzy numbers, a-level set [«jQ of u G L(R) is defined by which is a convex set in R if and only if u is convex, where {i G R : u(t) > a} denotes the closure of the set {t G R : u(t) > a} in the usual topology of R. The set [u] a is closed, bounded and non-empty interval for each a G [0, 1] . R can be embedded in L(R), since each r G R can be regarded as a fuzzy number f defined by
The operations addition and scalar multiplication are defined on L(R) by
[u + v]a := [u]a + [f]Q and [au]a := a[u]a,
for each 0 < a < 1.
For u, v G L(M), define u < v if and only if [u}a <
for any a G [0, 1] . It is known that (L(R),d) is a complete metric space, (cf. [8] ).
Following Matloka [5] , we give some definitions below, which are needed in the text: DEFINITION 1.1. A sequence X = (X^) of fuzzy numbers is a function x from the set N = {0,1,2,... } into L(K). The fuzzy number x^ denotes the value of the function at k G N and is called the k th term of the sequence. By W(F), we denote the set of all sequences of fuzzy numbers.
DEFINITION 1.2.
A sequence x = (xk) of fuzzy numbers is said to be convergent to a fuzzy number I, if for every e > 0 there exists a positive integer no such that By c(F) and CQ(F), we denote the set of all convergent sequences and the set of all sequences converging to 0 of fuzzy numbers; respectively. By C(F), we denote the set of all Cauchy sequences of fuzzy numbers. DEFINITION 1.4. A sequence x = (xk) of fuzzy numbers is said to be bounded if the set of fuzzy numbers consisting of the terms of the sequence (xk) is a bounded set. That is to say that a sequence x -(xk) of fuzzy numbers is said to be bounded if there exist two fuzzy numbers I and u such that I < xn < u for any n G N. By ^oo (F), we denote the set of all bounded sequences of fuzzy numbers.
Define the map
It is not hard to see that The notion of modulus function was introduced by Nakano [7] , as follows; Hence, / is continuous on the interval [0, oo). Now, we may give the concept of solidity of a space of sequences of fuzzy numbers defined by Sarma [11] , DEFINITION 1.7. A set A of sequences of fuzzy numbers is said to be solid
Zadeh introduced the concept of fuzzy sets and define the fuzzy set operations, in his significant article [15] . Subsequently several authors discussed various aspects of the theory and applications of fuzzy sets such as fuzzy topological spaces, similarity relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical programming. Especially, El Naschie [9] studied the E infinity theory which has very important applications in quantum particle physics. In [8] , it was shown that c(F) and £oo(F) are Of course, CQ(F) is also a complete metric space with respect to the Haussdorff metric D^. Further, Nanda [8] has introduced and proved that the space £ P (F) of all absolutely p-summable sequences of fuzzy numbers defined by
P < oo} k is a complete metric space with the Haussdorff metric D p defined by
where x = (x k ), y = (y k ) are in the space £ P {F) and 6 : -(0,0,0,..., 0,...).
We assume here and in what follows 1 < p < oo and for simplicity in notation, the summation without limits runs from 0 to oo. Nuray and Sava § [10] have recently shown that the space £(p, F) of sequences of fuzzy numbers Altin, Et and Qolak [1] have recently introduced the concepts of lacunary statistical convergence and lacunary strongly convergence of generalized difference sequences of fuzzy numbers, and gave some relations related to these concepts. Talo and Ba §ar [12] have extended the main results of Ba §ar and Altay [2] to the fuzzy numbers. In [13] , Talo and Ba §ar have recently studied the corresponding sets ¿00(F), c(F), co(F) and £ P (F) of sequences of fuzzy numbers to the classical spaces £OO, c, CQ and £ p of sequences with real or complex terms. After determining the A-, (3-and 7-duals of the sets £ 00 (F), c(F), CQ(F) and £ P (F), they characterize some classes of matrix transformations between the classical sets of sequences of fuzzy numbers. Furthermore, they also emphasize the solidness of the sets ¿00 (F), CO(F) and £P(F). Quite recently; Talo and Ba §ar [14] have worked the quasilinearity of the classical sets £00(F), c(F), CQ(F) and £P(F) of sequences of fuzzy numbers and obtained the /?-, a-duals of the set £\(F), and characterized the class of infinite matrices of fuzzy numbers from L\(F) to £P(F). Additionally, they proved that £OO(F) and c(F) are normed quasialgebras and an operator defined by an infinite matrix belonging to the class (¿00 (F) : LOO(F)) is bounded and quasilinear.
In the present paper, we essentially deal with the metric spaces £oo{F, /), c(F, /), co(F, /) and £p(F, f, s) of sequences of fuzzy numbers defined by a modulus function which are the generalization of the metric spaces ¿00(F), c(F), co(F) and £p{F) of sequences of fuzzy numbers. Additionally, we state and prove some inclusion theorems related to those sets. Finally, we establish that the sets ¿00(F,f), co(F,/) and £p (F,f,s) are solid as a consequence of the fact that the sets ¿00(F), CQ(F) and £P(F) are solid. 
The spaces (F, /), c(F, /), co(F, /) and £p(F, /, s) of sequences of fuzzy numbers defined by a modulus function

respectively; where x = (xk), y = (yk) are the elements of the sets ioo(F, /), c(F,f), CQ(F, /) and £ P (F, f, s).
Proof. Since the proof is analogue for the spaces £oo(F,f), c(F, /) and £p(F,f,s),
we consider only the space co(F, /). One can easily establish that Doo defines a metric on co(F,f) which is a routine verification, so we leave it to the reader.
It remains to prove the completeness of the space co(F, /). Let {x 1 } be any Cauchy sequence in the space co(F, /), where x % {XQ\ ...}. Then, for a given e > 0 there exists a positive integer no(e) such that 
for all i,j > rio(e). We obtain for each fixed k € N from (2.1) that
for every i,j > no(e). (2.2) means that
Since / is continuous we have from ( (b) Since f 2 is continuous from the right at 0, there is <5 with 0 < <5 < 1 such that f 2 (t) < e for all e > 0 whenever 0 < t < 6. Define the sets iVi and
Then, we obtain from Lemma 2.
< OO. 
